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University of Toronto 
MAT 187H1F TERM TEST 
THURSDAY, JUNE 8, 2006 

Duration: 60 minutes 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: Answer all six questions. Present your solutions in the space pro- 
vided. The value for each question is indicated in parantheses beside the question 
number. 


TOTAL MARKS: 45 
1. [7 marks] Find the general solution to the differential equation 
14у _ у?+1 


тат үу? +1 


2. [7 marks] Find the values of 
dy Фу 
ds and di 
at the point (x, y) = (2,2) on the curve with parametric equations 
т=1 +1;у = – З 
Note: at the point (x,y) = (2,2), t = —1. 
3. [7 marks] Find the length of the parametric curve 
rz —-—t-4lnt;y = Avt 
if1<t<6. 
4. [8 marks] Find the particular solution to the differential equation 


EE _ 2 
sin 2 —— + ytan x = сов т 
dx 


such that y = 1 when x = 7/4. 
5. [8 marks] On the same graph, plot the polar curves with equations 
r? = cos@ and г? = sin, 
and then find the area of the region inside both curves. 


6. [8 marks] Find the particular solution to the initial value problem: 


d'y 49у 
444% + 101y = 0, y(0) = 10, y'(0) = 25. 
qq? 4а, 11019 = 0, y(0) ЕЛІ 
ау а?у 3 
ANSWERS: 1. y = tan(V27+1+C) 2. 7 =0;75=-5 3 5+ln6 


_ In|sinz| + sinz + V2 - 1--1n V2 — 1/02 
x sec x + tan 2 
б. y = 10e~*/? cos(5x) + 6e~*/? sin(5x) 


4. y 5. area = 4 (1— 1//2) 


University of Toronto 
MAT 187H1F TERM TEST 
THURSDAY, MAY 25, 2006 

Duration: 60 minutes 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: 


Answer all five questions. Present your solutions in the space pro- 


vided. The value for each question is indicated in parantheses beside the question 


number. 


TOTAL MARKS: 45 


1. [14 marks] Evaluate the following integrals: 


т/4 


(а) |6 marks] n tan? x sec? x dx 
0 


(b) [8 marks] 


2. [9 marks] 

3. [11 marks] 
4. [11 marks] 
ANSERS: 1. 


Liz" 
Find J cosa) dx 
3 2 
= -2 
Find i 2 E с ах 
І + 


1 
Find / ад 
Vax? — 6r + 25 


() „@+у/®@ (Ы) я 


1 
2. 24 cos(In x) + z sin(In z)) + C 


2 
3. In [z| + — y 
т 


+2 (22 + 1) — arctan z + C 


4. Jax? — 6x + 25 + 4In|V2? — 6r + 254+ 2 —3| +С 


University of Toronto 
Thursday, February 9, 2006 
MAT 1875 TERM TEST 
Calculus П 


Aids Permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


1. [5 marks] Find P l dz. 
2 (nx) 


2. |Б marks] Evaluate ] cos? 040 


4x? — 2 
3. [8 marks] Evaluate | Шш лу 
(ж? +1) 
4. [9 marks] Evaluate 


J yz? — 81 


5. [9 marks] Evaluate I (arcsin x)? ат. 


dx 
(x2 — бх + 13)?" 


6. |9 marks] Evaluate / 


1 2 1 
ANSWERS: 1. 2(In2)2 Dy sin 0 =S 3 sin? 0 + 5 sin? 6 + C 
1 (x? — 81)? 
243 gs 


1 
3. 3In|z| + 5 n(x” +1)-2arctanz+C 4. 


5. z(arcsin x)? + 2/1 — x? arcsin z — 2x + С 


6 1 ТАҒЫ ызы 1 r—3 
. — arcta | | 
16 2 8 z? — бх + 13 


University of Toronto 
Thursday, March 23, 2006 
МАТ 1875 TERM TEST 

Calculus П 


Aids Permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


1. Solve the following initial value problems, and express your solution explicity. 
(In other words, solve for y.) 


(i) [7 marks] pa + 42у = е, y(-1)=0,t<0. 
(ii) [7 marks] y" + 4y' + 5у = 0, y(0) = 1,0 (0) = 0. 
2. [8 marks] Sketch the graph of the two polar equations 
т = sin and r = sin 20 


on the same xy-plane. Find the exact area of the region that lies inside both 
curves. (Do not use a calculator to give a decimal estimate.) 


3. [7 marks] Find the exact arc length of the curve for the vector function 
r(t) = cos(2t)i+8tPj+sin(2)k, 0<t<1. 
4. (Т marks] Find dy/dx and d?y/da? for the parametric curve z = 1+t?, y = t-t’. 
For what values of t is the curve concave upward? 


5. Consider an alternative to the logistic equation called the Gompertz function, 
which models popluation by the differential equation 


dP K 
ug £27 


where c is a positive constant and K is the carrying capacity. 


(a) [7 marks] Solve for P(t) given the initial condition P(0) = P5; and com- 
pute jim P(t). 


(b) [2 marks] Given K, find the value of P in the Gompertz function such 
that population is growing fastest. 


1 1 
ANSWERS: 1(a) y = —e™' (= + a) 1(b) y = e (cost + 2sint) 


т 3/3 1 dy 1-38 dy 1 +38? 

2. Area = — — 8 Bead) 4. = Z= : 

ca = a7) E QM de 48” 
2 Р, e € t K 
“© ыс) 5а) P=K (7) ; limP=K 5(b)P=— 
dx? K t=o00 e 


University of Toronto 
Tuesday, May 31, 2:20 - 4:00 PM 
MAT 187F TERM TEST 
Calculus П 


Aids Permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


1. Solve for y as a function of x if 


3 
— — у= z^ and y = 2 when т = 1. 
dr 7 


2. Solve for x as a function of t if 


ЕЁ —21(2 – г) and x(0) = 3. 
dt 
3. Let z = 2 + t?; y = tt — 4t. Find the value of both 


2 
dy and dy at the point (х,у) = (3, —3). 
dx dx? 


Hint: t = +1; which one is it? 
4. Find the area of the region which is inside the cardioid with polar equation 
т = 1 + cos0 but outside the cardioid with polar equation r = 1 — cos 0. 
5. For a certain vibrating mass-spring system, the displacement, x(t), of the spring 
from equilibrium at time %, satisfies the differential equation 
т” (t) + 6a'(t) + 25x(t) = 0. 
Solve for x(t) if z(0) = —3 and x'(0) = 1; then plot a graph of x(t) for t > 0, 


indicating the pseudoperiod and the time-varying amplitude. 


6. Torricelli’s Law states that 


d 
Aly) 77 = —a4/29y, 


where y is the depth of fluid in a tank at time t, A(y) is the area of the cross- 
section of the tank at height y above the bottom of the tank, a is the area of 
the exit hole at the bottom of the tank, and g = 9.8 m/sec” is the acceleration 
due to gravity. 


A spherical tank of radius 1 m is initially full of water, when a plug is pulled 
at the bottom of the tank. After 1,200 sec (= 20 min), the top half of the tank 
is empty. How long will it take for the whole tank to empty? 


ANSWERS: 1. y = 0.515 + 1.523. 2. x= 6/(3 — e*t) 

3. Att = 1, (x,y) = (3, 3), dy/dx = 0 and d*y/dx?=3. 4. 4 

5. x = —3e~** cos(4t) — 2e sin(4t); time-varying amplitude = V13e-*; 
pseudoperiod = 7/2. 6. approximately 3,147 sec or 52.5 min. 


MAT187H1F TERM TEST 
TUESDAY, MAY 18, 2004, 3-4 PM 


Aids Allowed: Casio 260, Sharp 520 or Texas Instrument 30 calculator. 
Instructions: Present your solutions to the following five questions in the booklets 


supplied. The value for each question is indicated in square brackets beside each 
question number. 


TOTAL MARKS: 45 


1. [8 marks; each part is worth 4 marks] Find the following integrals: 


(a) | Са — pu ат 


(b) / sin? z сов“ z dx 


NE 
2. 8 marks] [LE Е 


3. [7 marks] "an dx 


4. [11 marks] / d dx 
y z? — 12x + 40 
12 + 4x + 52? — 2? 
‚ [11 marks] / d 
5 marks] Erde 2 
3 РТРК ЖҮ" 
ANSWERS: 1.(a) n 1.(b) „сов 2- сов x +c 


1у22 — 


1 
2; 2562 же = 22 


qa { (=) | { 
P e arctan 7 9T Rone апт C 


4. va? — 12x + 40 +6 (Уа? — 12x +40 +£ -— 6) 


1 1 
5. In jo ~ 2| —Injo+2]- z ln (2? +4) + z arctan (7) +e 


МАТ 187H1F TERM TEST 
TUESDAY, JUNE 1, 2004, 3-4 PM 


TOTAL MARKS: 45 


d d? 
1. [8 marks] Find the values of both CU and — at the point (x,y) = (5,68), for 


dx dx? 
which t = 4, if 
r—2wVt-4-1and y - P? +t. 


2. [8 marks; 4 marks for each part] Find the general solutions, y in terms of z, for 
each of the following differential equations: 


dy 2 4 
“а-ы” 
dy _ 2,2 


3. |9 marks] Find the area of the region outside the circle with polar equation r = 1 
but inside the cardioid with polar equation т = 2 + 2sin 0. 


4. [7 marks] Find the arc length of the curve with parametric equations 


r= & Ае y= 4t, for 0% 2. 


5. [6 marks] For a certain mass-spring system, the displacement, x, of the spring 
at time t, satisfies the differential equation 
d'y ах 


m pe. а 


Determine if this system is underdamped, critically damped or overdamped; 
and find the general solution for x as a function of t. 


6. [7 marks] Torricelli's Law states that 


d 
А(0) 57 = —ay 2gy, 


where y is the depth of a fluid in a tank at time t, A(y) is the cross-sectional 
area of the tank at height y above the exit hole, a is the cross-sectional area 
of the exit hole, and g = 9.8 m/sec? is the acceleration due to gravity. 


The bottom half of a spherical tank of radius 1 m is full of water when a 
circular plug is pulled open at the bottom of the tank. After 30 sec, the depth 
of the water in the tank is y = .25 m. How long will it take for all the water 
to drain from the tank? 


ANSWERS: 1. dy/dx = 98; d?y/dx? = 120.5 2(a) у = .524-- са? 


2(b) y = —(z3/3-- c)! 3. 107/3 + 73/2 4. 3-е-4/е 
5. underdamped; x = e~*(Acos(5t) + Bsin(5t)) 6. 35.9 sec. 


University of Toronto 
МАТ 187H1S Calculus П TERM TEST 
Monday, March 8, 2004, 10:10 AM 
Duration: 50 minutes 
Only aids permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 
TOTAL MARKS: 45 


d d? 
1. [8 marks] Find the values of both m and 22 at the point (х,у) = (2,9), for 
z z 
which t = 2, if 
апау ЕТ, 


2. [8 marks; 4 marks for each part] Find the general solutions, y in terms of т, for 
each of the following differential equations: 


dy 2 1 
6) qu t S8 7$ 

dy 2 3 
(b) = = ( +1) = 


З. [9 marks] Find the area of the region inside the circle with polar equation 
т = 5sin Ө and outside the limaçon with polar equation r = 2 + sin б. 


4. [7 marks] Find the arc length of the curve with parametric equations 


1 1 
т = gy 30, forO0<t<l. 
5. [6 marks] For a certain mass-spring system, the displacement, т, of the spring 
at time t, satisfies the differential equation 
x£ ат 
—— +4— + 81 = 0. 
de ТАЦ 
Determine if this system is underdamped, critically damped or overdamped; 
and find the general solution for т as a function of t. 


6. [7 marks] If x is the amount of salt disolved in a saline solution of volume V, at 
time t, in a large mixing tank, then 
шоқ 
dt V 
where c; is the concentration of salt in a solution entering the mixing tank at 
rate r;, and ry is the rate at which the well-mixed solution is leaving the tank. 


A tank initially contains 1000 L of a solution consisting of 100 kg of salt 
disolved in water. A 2% solution of salt disolved in water is poured into the 
tank at a rate of 5 L/sec, and the well-stirred mixture is poured out at the 
same rate. How long will it take to reduce the concentration of the salt in the 
tank to 5% ? 


2 
ANSWERS: 1. Att=2, Y —4 and 49-4 
ат да? 9 
1 с xt 8 l8 
EA ае = VÉ = = (93/2 _ 
2.(a) к= утса 2(b) y=tan (Z +e) 3. 37 * Và 4. 3 (2 1) 


5. x =e “(Acos2t + Bsin 2t); underdamped. 6. t= 2001n (5) 


University of Toronto 
МАТ 187H1S Calculus П TERM TEST 
Monday, March 8, 2004, 4:10 PM 
Duration: 50 minutes 
Only aids permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 
TOTAL MARKS: 45 


d d? 
1. [8 marks] Find the values of both m and "m at the point (x, y) = (2,7), for 
z x 
which t = 2, if 
r4 Stand ys el 


2. [8 marks; 4 marks for each part] Find the general solutions, y in terms of т, for 
each of the following differential equations: 


dy 
—— + 2yt = 
(a) Ет ytan ж = cos’ x 


dy 
b) = = yz? 
(b) 3:7 ye 
3. [9 marks| Find the area of the region inside the circle with polar equation 
т = 4cos@ and outside the limaçon with polar equation r = 1 + 2cos 0. 


4. [7 marks] Find the arc length of the curve with parametric equations 


1 1 
r= a 56 for « 1 « tL 
5. [6 marks] For a certain mass-spring system, the displacement, т, of the spring 
at time t, satisfies the differential equation 
diy ат 
—— + 6— + 25x = 0. 
d 54 
Determine if this system is underdamped, critically damped or overdamped; 
and find the general solution for x as a function of t. 


6. [7 marks] Torricelli's Law states that 


d 
Aly) = —ay/2gy, 


where y is the depth of a fluid in a tank at time t, A(y) is the cross-sectional 
area of the tank at height y above the exit hole, a is the cross-sectional area 
of the exit hole, and g = 9.8 m/sec? is the acceleration due to gravity. 


A container in the form of an inverted right circular cone of radius 1 m and 
height 3 m is initially full of water. Then a circular plug of radius 1 cm is 
pulled open at the bottom of the container. How long will it take for the 
container to become completely empty of all water? 


2 
4 
ANSWERS: 1. Att=2, Y =4 and LY 2 
dx ах? 9 
с 5 3 1 
2.(a) y = zcos?r4- Ccos?r 2(b) у= ce 3. = 2 4. : (25/2 = 1) 


5. x= e * (Acos4t + Bsin 4); underdamped. 6. t = 1564.92 sec, approximately. 


University of Toronto 
MAT 187H1S Calculus II TERM TEST 
Tuesday, March 9, 2004, 11:10 AM 
Duration: 50 minutes 
Only aids permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 
TOTAL MARKS: 45 


d de 
1. [8 marks] Find the values of both m and = at the point (z, y) = (2, —2), for 
x x 
which t = 1, if 
=P +t and y = Ë — 3t. 
2. [8 marks; 4 marks for each part] Find the general solutions, y in terms of т, for 
each of the following differential equations: 


3. [9 marks] Find the area of the region inside both the cardioid with polar equation 
r= 1] + 510 0 and the cardioid with polar equation r = 1 — sin 0. 


4. |7 marks] Find the arc length of the curve with parametric equations 
1 
r= xt —nt;y= 2t, fr 1<t<2. 


5. [6 marks] For a certain mass-spring system, the displacement, т, of the spring 
at time t, satisfies the differential equation 


dr dx 
— +2— + 10 = 0. 
ШЕК ae T 


Determine if this system is underdamped, critically damped or overdamped; 
and find the general solution for x as a function of t. 


6. [7 marks] Newton’s Law of Cooling states that 
dT 
dt 

where T is the temperature of an object at time t, A is the (constant) ambient 
temperature of the air surrounding the object, and Ё is a constant. 


A freshly baked pie is taken out of an oven with temperture 200° C and is 
placed on a table in a room with constant air temperature 20° C. If the pie 
cools by 50° C in 4 minutes, how much longer will it take for its termperature 
to reach 75° C? 


ANSWERS: 1. At t = 1, dy = 0 and —5 = =. 
dx dz? 3 
2x x 1 Н ? 3 3 
2.(а) у= e? + се? 2(b) y= (sima +c) 3. ше. 4. 5 T m2 
5. 2=e *(Acos3t+ Bsin3t); underdamped. 6. t= 14.57 min, approximately, 
from t = 0. 


University of Toronto 
МАТ 187H1S Calculus П TERM TEST 
Friday, March 12, 2004, 10:10 AM 
Duration: 50 minutes 
Only aids permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 
TOTAL MARKS: 45 


d d? 
1. [8 marks] Find the values of both m and = at the point (z, y) = (4, —2), for 
£ £ 
which t = 2, if 
1 
qe at ttand y = 3t — P. 


2. [8 marks; 4 marks for each part] Find the general solutions, y in terms of z, for 
each of the following differential equations: 


3. [9 marks| Find the area of the region inside the cardioid with polar equation 
т = 2 + 2cos0 and outside the circle with polar equation r = 3. 


ны 


. [7 marks] Find the arc length of the curve with parametric equations 


т ={?—1пї;у =2V2t, for1<t<2. 


5. [6 marks] For a certain mass-spring system, the displacement, т, of the spring 
at time t, satisfies the differential equation 


d'y ах 
— +4— + 3x = 0. 
ай 8579 
Determine if this system is underdamped, critically damped or overdamped; 
and find the general solution for x as a function of t. 
6. [7 marks] Newton’s Law of Cooling states that 


dT 

dt 
where T is the temperature of an object at time t, A is the (constant) ambient 
temperature of the air surrounding the object, and Ё is a constant. 


= k(T = A), 


A fresh cup of coffee at temperature 95° C is left on a table in a room with 
constant air temperature 20° C. If the temperature of the coffee is 55° C after 
3 minutes, how much longer will it take for its termperature to reach 25° C? 


2 
ANSWERS: 1. Att=2, Y —-3 and 19 = —1. 
dx dx? 


1 9 
2.(a) у= 22 – ст 2(b) y= sin (ә? +c) 3. 2У3-т 4. 3+1n2 


5. r — Ae + Be ', overdamped. 6. t= 10.66 min, approximately, from t = 0. 


University of Toronto 
МАТ 187H1S Calculus П TERM TEST 
Monday, February 2, 2004, 10:10 AM 
Duration: 50 minutes 
Only aids permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: Fill in the information on this page, and make sure this test contains 
4 pages. Present your solutions — this means, show your work! — in the space 
provided. Use the back of the preceding page if you need more space. The value for 
each question is indicated in square brackets beside each question number. 


TOTAL MARKS: 45 


1. [19 marks.] Find the following: 


(a) [4 marks] | sin? 0 cos? 0 40 


(b) [8 marks] nu ттар dx 


(c) [Y marks] ЁЛ тат 
213? += -1 


2. [13 marks] Find / sr lir dx 


r—2 


dx 
V 3x? + 6x — 13 


3. [13 marks] Find / 


H 3 . 5 
ANSWERS: 1(a) Е Ж Е CD 


1(c) ; (x sin(In x) — z cos(In z)) + c 


2. Inle] - n|zr - 1] -tan ! z +c 


1 
3. 35У 31° + 62 — 13 – УЗЫ |V3z + V3 + V3z? + 62 — 13| + c 


University of Toronto 
МАТ 187H1S Calculus П TERM TEST 
Monday, February 2, 2004, 4:10 PM 
Duration: 50 minutes 
Only aids permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: Fill in the information on this page, and make sure this test contains 
4 pages. Present your solutions — this means, show your work! — in the space 
provided. Use the back of the preceding page if you need more space. The value for 
each question is indicated in square brackets beside each question number. 


TOTAL MARKS: 45 


1. [19 marks.] Find the following: 
(a) [4 marks] jo 0 sect 0 40 
(b) [8 marks] lS tt 
(c) [7 marks] ee sin x dx 
z?—2r-41 


2. [13 marks] Find f" ta + 


3. [13 marks] Find / d dx 
у912 + 12x + 13 


30 5 1 
ANSWERS: 1(а) үйші | = 4 te (b) 2sin”* (5) - 27У4- a? +c 


1 
1(с) > (e* sinz — e” cosx) +c 


1 2 
2. 25 3. 57912 + 122 +13 — ln [Br +2 + Os? + 122 


13| + c 


University of Toronto 
МАТ 187H1S Calculus П TERM TEST 
Tuesday, February 3, 2004, 11:10 AM 
Duration: 50 minutes 
Only aids permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: Fill in the information on this page, and make sure this test contains 
4 pages. Present your solutions — this means, show your work! — in the space 
provided. Use the back of the preceding page if you need more space. The value for 
each question is indicated in square brackets beside each question number. 


TOTAL MARKS: 45 


1. [19 marks.] Find the following: 


(a) [4 marks] | sec? Ө tan? 0 40 
59 1 
(b) [8 marks] f ЖО гена dx 


(In x)? 


(с) [7 marks] / =2 dx 


l3 
2; [13 marks] Find | aarp” 
2 
3. [13 marks] Find / d 
PA TIE UE 
5 3 
ANSWERS: 1(a) = E = а Fc (b) > - уз 1(с) —— (In? г) —-lnz- -+c 


1 1 
2: In || = — tanz- 5 ln(z’ + 1) c 
E 


1 2 3-2 
3. -3 V12F 2s — 9a? + = sin ( E )+е 


University of Toronto 
МАТ 187H1S Calculus П TERM TEST 
Friday, February 6, 2004, 10:10 AM 
Duration: 50 minutes 
Only aids permitted: a Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: Fill in the information on this page, and make sure this test contains 
4 pages. Present your solutions — this means, show your work! — in the space 
provided. Use the back of the preceding page if you need more space. The value for 
each question is indicated in square brackets beside each question number. 


TOTAL MARKS: 45 
1. [19 marks.] Find the following: 
(a) [4 marks] / sin? 0 cos! 0 40 


(b) [8 marks] ГЕС — 12 dr 


(c) [7 marks] үг tan ! z dz 


So 6x + З 
2. [13 шагь] Find / 
[13 marks] Fin А ana 
f £ 
3. [13 marks] Find | (Тт 412)372 dx 


7 5 1 
ANSWERS: 1(а) = a = С (b) = sin“? (=) + ava — 2 c 


1 1 
1(c) ge tan g — st | gna Б 22) +ce 


T 1 x 
2. —+In4 3. Fc 
mac 6 12x — 412 


University of Toronto 
Faculty of Engineering 
MAT 187H1F TERM TEST 
TUESDAY, JUNE 3, 2003, 2:10 PM 
Duration: 90 minutes 


Aids Allowed: Casio 260, Sharp 520 or Texas Instrument 30 calculator. 
Instructions: Present your solutions to the following six questions in the booklets 


supplied. The value for each question is indicated in square brackets beside each 
question number. TOTAL MARKS: 60 


1. [10 marks] Find the position function r(t) if the acceleration at time t is 


1 


and the initial conditions are v(0) = i — j; r(0) = 2j + 3k. 
2. [10 marks] Consider the curve with parametric equations 
т — Vt 4-Int and y = vt — Int, 
for t > 0. 
а?у 


а dy 
(а) [6 marks] Find SIR and du 


(b) [4 marks] Find the only critical point on the curve, and determine if it is 
a relative maximum point or a relative minimum point. 


3. [10 marks] Find the area of the region inside the “peanut” with polar equation 
т = 3 + 2sin (20) but outside the circle with polar equation r = 4. 


4 
4. [10 marks] Find / sin yz dz. 
0 


5. [10 marks] The position of a particle at time t is given by 
г = 4ti — 3tj + 51n | вес К. 
Find the following: 


(a) [5 marks] the speed of the particle at time t. 
(b) [5 marks] the distance travelled by the particle for 0 € t € 7/4. 


6. [10 marks] Find the following: 
=D" 


(а) [2 marks] the limit of the sequence a, = ——— for n = 1,2,3,.... 
n 


(b) [8 marks] the third degree Taylor polynomial of f(x) = In(1+ 2) about 
с= 0. 


ANSWERS: 
3 1 
1. г= (58 | t) i (8-і | 2) j F(In(1 +4) –#+3) К 


-2 d 4 
ау _ vt ау = уі (b) (2—1n4,2+1n4) is a minimum point. 


de i+? dx? ТІРЕСЕ 


57/12 1 
3. / ((3 + 2sin(29))? — 16) dé = 28 51 


/12 


2.(a) 


4. 2sin2 —4cos2 
5.(а) 5sect (b) 5In(v2+ 1) 


1 1 
б(а) 0 (b) 2- ¿a + 32" 


MAT 187H1S TERM TEST 
WEDNESDAY, MARCH 5, 2003, 5:10 PM 
Aids Allowed: Casio 260, Sharp 520 or Texas Instrument 30 calculator. 
TOTAL MARKS: 40 Duration: 50 minutes 


1 [14 marks] Let 
2 
r=ti+tj+ ae 
be the position vector of a particle at time t. Find the following: 


(a) [3 marks] the velocity of the particle at time t. 


(b) [3 marks] the unit tangent vector to the curve the particle moves along, 
at time t = 1. 


(с) [3 marks] the acceleration of the particle at time t. 
(d) [5 marks] the distance travelled by the particle for 2 € t < 7. 
2. [13 marks] Let 
x =cost+tsint;y = sin t — t cost 


be the parametric equations of a curve. 


2 
(a) [4 marks] Find сі апа 21 


(b) [5 marks] Find all the points on the curve, for 0 < t < 27, for which 
£ 

is zero or undefined. 
(c) [4 marks] Use the second derivative test to determine if the critical points 


d 
from part (b), for which T = 0, are relative maxima or relative minima. 
Ж 
3. [13 marks] Plot the two curves with polar equations 
т = соѕ0 and r = sin(20) 


and find the area of the region inside r = sin(20) but outside r = cos. 


38 


ANSWERS: (а) i+j+Vtk 1(b) EE EET. 1(c) 3 


1 
——k 1(d 
d d? i: d 
2(a) m = tant, for t Æ 0; 22 = E for t Z 0. 2(b) T = 0 at (—1,7) and (1, —2z) 


E undefined at (1,0), (7/2, 1) and (—37/2, —1) 


3V3 


2(c) (—1,7) is а max; (1, 27) is a min. 3. < + EU 


MAT 187H1S TERM TEST 
FRIDAY, MARCH 7, 2003, 3:10 PM 
Aids Allowed: Casio 260, Sharp 520 or Texas Instrument 30 calculator. 
TOTAL MARKS: 40 Duration: 50 minutes 


1. [14 marks] Let 


2 2 
= ЛЛ + 28/2 к 
e Se 


be the position vector of a particle at time t. Find the following: 


(a) [3 marks] the velocity of the particle at time t. 


(b) [3 marks] the unit tangent vector to the curve the particle moves along, 
at time t = 1. 


(c) [3 marks] the acceleration of the particle at time t. 
(d) [5 marks] the distance travelled by the particle for 4 < t < 12. 
2. [13 marks] Let 
x =sint—tcost;y = cost + tsin t 
be the parametric equations of a curve. 


2 
(a) [4 marks] Find сі апа 21 


а 
(b) [5 marks] Find all the points on the curve, for 0 € t < 27, for which T 
z 
is zero or undefined. 


(c) [4 marks] Use the second derivative test to determine if the critical points 


d 
from part (b), for which T = 0, are relative maxima or relative minima. 
Ж 
3. [13 marks] Plot the two curves with polar equations 
т = sinf and r = cos(20) 


and find the area of the region inside both r = sin 0 and r = соѕ(20). 


1 1 1 98 
ANSWERS: 1 ti4+j+vtk 1(b i+j+k) 1 —-i + — 7k 1(d) — 
(a) Міні 1) ATA 10) ааа 18) 5 
dy а?у 1 dy 
2(a) qu cott, for t Æ 0; таз for t Z 0. 2(b) am 0 at (1,7/2) and (—1, —37/2) 


с) undefined at (0,1),(т,-1) and (-2т,1) 


E 


2(c) (1,7/2) is a max; (—1,—37/2) isa min. 3. < 16 


University of Toronto 
Faculty of Engineering 
MAT 187H1F TERM TEST 
TUESDAY, June 5, 2001 
Duration: 90 minutes 


Aids Allowed: Calculator, to be supplied by student. 


Instructions: Answer all six questions. Present your solutions in the test booklets 
provided. The value for each question is 10 marks. 


TOTAL MARKS: 60 
V2 \/х? — 1 
1 


2. Find the length of the curve with parametric equations 
т = V2(t — sint); y = V2(1— cost) ; z = sint, 
for 0 € t € 27. 


3. Find the area of the region within the cardioid r — 2 4- 2sin 0 but outside the 
circle r — 1. 


9/2 


4. [5 marks for each part] Consider the polar graph with equation r = е, for 


-1/2 < 0 € 37 /2. 
(a) Plot this graph and find the two values of 0 at which the tangent line to 
the graph is horizontal. 
(b) What is the length of this curve? 


d 
5. Let u= й + 2tj —t2k and v = £i + tj — ek. Find v x = + fva 


6. A rocket launcher fires rockets with an initial speed of 700 m/sec. At what angle 
from the horizontal should the rocket launcher be aimed, so that a rocket will 
hit a target 20 km away? (Assume the acceleration due to gravity is 9.8 m/sec? 
and ignore air resistance.) 


University of Toronto 
Faculty of Engineering 
MAT 187H1S TERM TEST 
TUESDAY, MARCH 5, 2002, 11:10 AM 
Duration: 50 minutes 
Aids Allowed: Casio 260, Sharp 520 or Texas Instrument 30 calculator. 


Instructions: Fill in the information on this page, and make sure this test contains 
4 pages. Present your solutions in the space provided. Use the back of the preceding 
page if you need more space. The value for each question is indicated in square 
brackets beside each question number. 


TOTAL MARKS: 40 


ds 
1. [13 marks] Find J de 
2%--2 
2. |12 marks] Plot the two curves with polar equations 
r=4+2sin0 andr=3 
and find the area inside r = 4+ 2sin@ but outside r = 3. 


3. [15 marks] Find the following: 


2 
a) [8 marks ы „ж the point (2, у) = (0,0) if 
dx dx? 

c= Stand y= ť — 3t. 

du : 

(b) [7 marks] ap v+ f vat, if 

u=ti+e j+4k 
and 


v = costi +sintj + 2tk. 


Di 2.2 15 
ANSWERS: 1. —In|x|—— +5 ln(z? + 1) — 2Тап !z +c 2. area = бт + 39 
x 


dy ағу 


(а) "RE aa (b) (2#е - sint) i— (2t - cost) j + (? -- sint — e cost) k - c 


University of Toronto 
Faculty of Engineering 
MAT 187H1S TERM TEST 
WEDNESDAY, MARCH 6, 2002, 5:10 PM 
Duration: 50 minutes 


Aids Allowed: Casio 260, Sharp 520 or Texas Instrument 30 calculator. 


Instructions: Fill in the information on this page, and make sure this test contains 
4 pages. Present your solutions in the space provided. Use the back of the preceding 
page if you need more space. The value for each question is indicated in square 
brackets beside each question number. 


TOTAL MARKS: 40 


6x — 2 


"E 


1. [13 marks] Find f 


2. [12 marks] Plot the two curves with polar equations 
т = 2 + cos and r = 5cos0 


and find the area outside r = 2 + cos 0 but inside r = 5cos 0. 
3. [15 marks] Find the following: 


d? 
(a) [8 marks] El and = at the point (x,y) = (0,0) if 


g=t?—tand у= t + 21. 


du 


(b) [7 marks] 2 


x v f vat, if 
u = 3ti+Intj+2k 


and 
у = sinti- costj]+e'k. 


3 
ANSWERS: 1. In|zx—1/|+2ln [lx + 1| — 5 nta +1)+Tan !z +c 


d d? | TT ; int 
З.(а) ae = gg =4 (b) (7 — cost) i+ (sint — 30!) j + (е + 3cost- ——)k +e 


University of Toronto 
Faculty of Engineering 
MAT 187H1F TERM TEST 
TUESDAY, JUNE 4, 2002, 2:10 PM 
Duration: 90 minutes 


Aids Allowed: Casio 260, Sharp 520 or Texas Instrument 30 calculator. 


Instructions: Fill in the information on this page, and make sure this test contains 
5 pages. Present your solutions in the space provided. Use the back of the preceding 
page if you need more space. The value for each question is indicated in square 
brackets beside each question number. 


TOTAL MARKS: 40 


1. [10 marks] Consider the curve with parametric equations 
B t 
= — + 9t and y = — — 4t. 
x 2 T 9f and y 3 
"TENE а?у Е 
Find all the critial points on the curve, and calculate i at each critical point, 
z 


if possible. 
2. [10 marks] Find the length of the curve with parametric equations 
z — vt+lnt and y = vt — Int, 
for 5 <t € 12. 


3. [10 marks] Let т = e% be the polar equation of the logartihmic spiral, drawn 
in the xy-plane. For which values of 0 will the slope of the logarithmic spiral 
be +1? For which values of 0 will the slope be —1? Interpret your results 
graphically and/or geometrically. 


4 [10 marks] Find the area of the region inside the polar curve with equation 
т = 4 + 3sin0 but outside the polar curve with equation r = 3. Draw a 
picture! 


16v dy 4 16\ d 4 
ANSWERS: 1. A = [24,— = ; = | —12 = 
ӘУЕН к ( jue 225: t (v) ( s 9! 
2T d 5 
at (x,y) = -F ) Lt is not defined. 2. v2+ v2ln 3 
dy o dy | Loud 3 5 


2 2 1 
4. Эт d sin! (5) + 15/2 


MAT187 - Calculus II - Winter 2015 


Term Test 1 - February 3, 2015 


Time allotted: 100 minutes. Aids permitted: None. 
Total marks: 50 


Full Name: 


Last First 


Student Number: 


Email: Amail.utoronto.ca 


Instructions 


DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 


e Please have your student card ready for inspection, turn off all cellular phones, and read all the 


instructions carefully. 


DO NOT start the test until instructed to do so. 


e This test contains 14 pages (including this title page). Make sure you have all of them. 


e You can use pages 12-14 for rough work or to complete a question (Mark clearly). 


DO NOT DETACH PAGES 12-14. 


GOOD LUCK! 


PART I No explanation is necessary. (10 marks) 


1. Consider the solid of revolution generated by revolving the region between two functions f(x) < g(x) 


for x € [a,b] around the x—axis. Then its volume is given by (circle one choice) 


b b 
(а) | (06) f(9)) dz © f alale) - f) az 


b 
(b) | 2ne(g(x) – f(2)) de (а) / (00) – fi) de 


2. Consider f sin? z cos rdx and make a substitution to obtain 
0 


T 


z b 
n “sinó? т cos? хал = f Flu) du. 
0 a 


The substitution is 


3. On the integral of question 2, the integrand becomes 


f(u) = 


4. A radioactive material decayed by 10% in 50 years. 
Its half-life is 


a 


5. Let a > 0 and consider the region bounded by the graph of y = ае 47 and the x—axis on the interval 


[0, со). 


Its area is 


10. 


. | . da? — 2x? + x | : . 
Consider the rational function . When using partial fractions, we write 
(ж + 1)(z — 2) (x? + 9)? 


this function as a sum of the following terms (circle all that apply): 


A D G J Mx+N 
zt d 
ass Oey "os ea "y 
B E H K Ox + P 
= h k 
O 2 erp 9 gy б qne "sy 
C " 1 L Qx--R 
I f D ——— —B 
(9723 O ar (0 y O wr © Gros 
Consider two functions f(x) and g(x) satisfying 0 € f(x) € g(x) for x € (0,00). 
Assume that i g(x) dx converges. Then / f(x) dx 
1 1 
(a) converges (b) diverges (c) we cannot tell 
Consider two functions f(x) and g(x) satisfying 0 € f(x) € g(x) for x € (0,00). 
Assume that Í g(x)dx diverges. Then | f(x) dx 
1 1 
(a) converges (b) diverges (c) we cannot tell 


b 
Recall that when approximating the integral f f(x) dx using the trapezoid rule, we make an error 
a 


of at most Ет < =. (Ат)?, where K = шах |f" (x)| and Az = 5-8. 
rela, 


1 
To approximate the integral / e de with a maximum error of 33; 1 should choose 
0 


A free-hanging rope forms a catenary: a curve which satisfies 
// —, / 2 
у" (x) = -y1- (y'(2)) for x € |—b, b]. 


Assume that for this rope, y'(b) = —y'(—5) = Y. Then the length of the rope is 


z= f. yi4 (y'(£))” ах = 


(express the length as a number explicitly) 


11. 


PART II Justify your answers. 


You are working at a biology lab with a population of bacteria which grows (10 marks) 


proportionally to its population. Moreover, the population doubles its size every hour. 


(a) Assuming that you start with Po million bacteria, find a formula for the population of bacteria 


after t hours. 


(b) You start with 100 million bacteria and you have two containers. Each can hold 300 million 
bacteria. Your job is to grow as many bacteria as you can in 2 hours. 
What is the best way to divide the bacteria in the two containers? Justify your answer. 


(Hint. This question is not hard) 


12. Compute the following integrals. (10 marks) 


b 
(a) Let b,w > 0. Calculate f e * sin(wz) dx. 
0 


ат. 


(b) Calculate I 1 arcsin(z) V1 — 22 


o cos (arcsin(x)) 


(Hint. Use a substitution) 


13. Let u(t) be the temperature in °С at the Pearson airport t years after March 1, 2000. (10 marks) 


Then the average temperature for the first decade (2000-2010) is 
10 


Average temperature = 10 u(t) dt. 
0 


(a) Let a « b. What is the average temperature from March 1 of the year 2000 4- a to September 1 
of the year 2000 4- 5? 


(b) Assume that u(t) = 5 + 30e “віп(2л4). If this temperature pattern holds forever, what is the 


limiting average temperature? 


14. Consider the function f(x) = =. Consider the solid created by rotating this function around the 
т 


x—axis over the interval [1, оо). 


(a) Calculate the volume of the solid. (7 marks) 


(b) Find the value of р that minimizes the volume of this solid. (3 marks) 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS OR FOR ROUGH WORK. 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS OR FOR ROUGH WORK. 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS OR FOR ROUGH WORK. 


The end. 


PART I No explanation is necessary. (10 marks) 


1. Consider the solid of revolution generated by revolving the region between two functions f(x) < g(x) 


for x € [a,b] around the z—axis. Then its volume is given by (circle one choice) 


b b 
(a) / (oe) — f(x) de (с) / s (g(z) — f(a)? de 


b b 
(b) / 2«z (g(z) — f (2) de / x (g(z — f(z?) de 


x 


2 
2. Consider / sin® z cos? y dr апа make a substitution to obtain 
0 


т 


x b 
/ * sinl? т cos?? q de = / Жа) du. 
0 а 


The substitution is 


3. On the integral of question 2, the integrand becomes 
43 41 49. yt 
ш-Ч4 (1-и) oR -u (tu) 


4. А radioactive material decayed by 10% in 50 years. 


Its half-life is DUO • Жез (9) Lor ANG, 5/2 base, 
Log C. 7) 


5. Let а > 0 and consider the region bounded by the graph of y = ae ^? and the x—axis on the interval 
(0, оо). 


Its area is | 


10. 


412 — 23? + x 


Consider the rational function GiD@ 2a +92 When using partial fractions, we write 
this function as a sum of the following terms (circle all that apply): 
A D G іі) J Mz+N 
m СЕЗУ (2—2) ) (rg (2? +9) 
B E (6) H K A Occ P 
* өрі ер өре OFF 
(Ы) = ©) (суту (5-29 O Groep CET 
с Е (0) I L Qr+R 
Ed f) ——; — 4 ) ———— ты ще. 
(c) "E (f) (z + 1)8 @) (ж — 2)8 а) (22 + 9)3 (о) (22 + 9)8 
Consider two functions f(x) and g(x) satisfying 0 < f(x) < g(x) for x € (0, оо). 
oo oo 
Assume that f g(x) dx converges. Then / f(x) dx 
1 1 
converges (b) diverges (c) we cannot tell 
Consider two functions f(x) and g(x) satisfying 0 < f(x) < g(x) for x € (0, оо). 
со со 
Assume that | g(x) ат diverges. Then / f(x) ат 
1 1 
(a) converges (b) diverges ©) we cannot tell 
b 
Recall that when approximating the integral 1 f(x) dx using the trapezoid rule, we make an error 
a 
of at most Er < К-а) дау), where К = ша |/"(z)| and Az = 2-4, 
rela, 
1 
To approximate the integral i е” de with a maximum error of 35; 1 should choose 
0 E n 
М 1 
n> { (му= arn i ] bm] < é 
A free-hanging rope forms a catenary: a curve which satisfies 


y (a) = : IF (у(а)) for х € |[—b, b]. 


Assume that for this rope, y'(b) = —y'(—b) = 10. Then the length of the rope is 


L= f ie y as - 0- b ум) dn = al yo -20 


(express the length as а number explicitly) 


PART II Justify your answers. 


11. ‘You are working at a biology lab with a population of bacteria which grows (10 marks) 


proportionally to its population. Moreover, the population doubles its size every hour. 


(a) Assuming that you start with Fo million bacteria, find a formula for the population of bacteria 


after t hours. 


А #1. , | 
P(t) = Р, 2. million bacteria , 
es #2. 


ШЕ Po 
де Me Ае deles avery (мб we 


he Pm: 2 Pro 2% 


k 


«=> ye = 2 


+ 


&> ula 2 


(ms E E ma к bacteria 


(b) You start with 100 million bacteria and you have two containers. Each can hold 300 million 


bacteria. Your job is to grow as many bacteria as you can in 2 hours. 
What is the best way to divide the bacteria in the two containers? Justify your answer. 


(Hint. This question is not hard) 


Method 124 
app fhe population 202 Є 5 not Change «ts 


spite» | 
н f gre As lon as neither coatarrer 
(cic o ў 


j 2 
жасыны dis жаланы we. сәре 2 lee 
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жеде Each contara er” sho «lc hare 
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12. Compute the following integrals. (10 marks) 
b -- 
(a) Let b,w > 0. Calculate / e *sin(wr)dz.— Í 
0 


Tateg ration by Parts желе C beet shoe десу”) 
Easter 

Baster 

Pea” ман 


-ж ! 
peu g 


- 


= co cos Се) 
5 
x L x 
Tos АРТСА) +) e “cos (wooly 
— 0 o 


-b b -9¢ | 
= —ё siní(wb) + с» | е co slx Jay 
о 
` - 
Coe” 


= Cos Cw) 
-x 2 Е 
Г --е FASS PARE 


b 
" Ж b Ж 
= -£ ЕТА (wb) + [е "ses Ceo 7) |, -4e » бейе сае) ot | 
L-g"smtpeb)  c(-€ costo) +!) - c 1 
Ж а І 
2 tal 


[- e sen (wb) >= ee uasa 6) 4 eo] 


-x 
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leads te “е Same angue— 


aS as ore, 


NUNT 4-а2 
(b) Calculate ашыш) Vic „. T 
o cos (arcsin(x)) 


(Hint. Use a substitution) 
Quick metro Cos (accio) = SIR, еее by 
Se AA 
к | . А (—, 2) 
теак JAX or A ua E crc le 
| ХА қ 4 i 
! T = f arcsin Ax ) then IBP f=) , т и aid A 
‹ e ! 
| fat, po 
Ey Sater ын oe 
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м2 
SL. 
£ 
Y 
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13. Let u(t) be the temperature in °С at the Pearson airport t years after March 1, 2000. (10 marks) 


Then the average temperature for the first decade (2000-2010) is 
1 10 
Average temperature = 10 1 u(t) dt. 
0 


(a) Let a < b. What is the average temperature from March 1 of the year 2000 + a to September 1 
of the year 2000 + b? 


Sep. | 4% P pea? Affe Mar. | ef Tie 


$e € ен, 


So, Mar. | ,2000fa to Sep.l, 2ovorh is bra +4 years 


А wera же Ten pera Lare = 


Ж. 


bar ti Alt) Ar 
2 a ы 


(b) Assume that u(t) = 5 + 30е *sin(2zt). If this temperature pattern holds forever, what is the 


limiting average temperature? 


average te^. cs Pascal bg 


Ae lmit Pa 
limit ef Ce 


Galery (surprisingly) tle 
average temp erature Trase O te А”, eS 


РА {г> ОО, 
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14. Consider the function f(x) = =. Consider the solid created by rotating this function around the 


x—axis over the interval [1, oo). 


(a) Calculate the volume of the solid. (7 marks) 
OF was Mes, tte Volume (S 
WE ja £e] Ax 
ГА 
M 
2 
= lim T| Р. dx 
pee ge C 
M 
2 de d 
= ' т -Р ) X Ax 
м 20~ ! 
ж 
" (-2 
- lim тр“ x ) 
x 2 1-20 
г} тр? (м = 4) 
АТР" t -2P 
r4 
/ T 
Thi colverses for P >- te Ne Ls a. . 
e 2 2 ж 2p-] 


[ne only ollur value for ws nes wv con veros 


is /-ео hen peel 


(b) Find the value of р that minimizes the volume of this solid. (3 marks) 


A Sgum е Р > 2 (ote rne, p =e poes oie nl am) 


ык siert va t^ 
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MAT187 - Calculus II 


Term Test 1 — Group Part - February 9, 2017 


Time allotted: 30 minutes Aids permitted: None 
Total marks: 10 


Name UTorID email Qmail.utoronto.ca 


Instructions (READ CAREFULLY) 
e DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 
e Read all the instructions carefully. 


e This test contains 6 pages (including this title page). Make sure you have all of them. 


e You can use page 6 for rough work or to complete a question (Mark clearly). 


DO NOT DETACH PAGE 6. 


e No calculators, cellphones, or any other electronic gadgets are allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


GOOD LUCK! 


1. (1 mark) Complete the following substitution 


1 
/ м2 + 5а2 ах = / sec? u du 
0 0 


2. (1 mark) Consider the integral 


2 
f a? ат. 
1 


This integral can be approximated by the Trapezoid Rule: 
Tn = Trapezoid rule approximation of the integral above with n intervals. 


Circle the one correct choice. 
2 2 
(a) Т, < / аЗ ал for all n. (с) Ta > / a?dr ог all n. 
1 1 


2 
(b) Ta = | a?dr — for all n. (d) None of the other options. 
1 


Continued... 


3. For a period of 10 seconds, the (horizontal) velocity v(t) of a damped pendulum (8 marks) 


is given by the following graph. 


v 


(a) (2 marks) Find a function v(t) that would be a good approximation for the graph above. 


Justify your answer. 


Continued... 


(b) (2 marks) Using the same model for v(t) found in (а), and assuming 
that the pendulum starts at the bottom, what is the (horizontal) position 


of the end of the pendulum after 9.5 seconds? Justify your answer. 


Continued... 


(с) (2 marks) For the same model as in the previous questions, at what time is the pendulum at 


its furthest from the vertical axis? 


(d) (2 marks) For the same model as in the previous questions, what is the pendulum’s maximum 


distance from the vertical axis? 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


The end. 


MAT187 - Calculus II - Winter 2017 


Term Test 1 - February 9, 2017 


Time allotted: 60 minutes. Aids permitted: None. 
Total marks: 50 


Full Name: 


Last First 


Student Number: 


Email: Amail.utoronto.ca 


Instructions 


• DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 


e Please have your student card ready for inspection 


e This test contains 12 pages and a detached formula sheet. Make sure you have all of them. 


DO NOT DETACH ANY PAGE. 


e You can use pages 11-12 to complete questions (mark clearly which questions you are answering. 


e Calculators, cellphones, or any other electronic gadgets are not allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


e DO NOT start the test until instructed to do so. 


GOOD LUCK! 


PART I. Write the final answer only. (12 marks) 


1. (2 marks) Complete the following substitution 


1 
/ м3 + 922 іт = / sec? u du 
0 0 


2. (2 marks) The partial fraction decomposition of 


3. (2 marks) If you use integration by parts to solve fe cos? (х) dx with u = x and е = cos? (x), then 


you obtain 


i z cos?(z) dz = — / dx. 


4. (1 mark) Consider the integral 


Ге =a 2 


This integral can be approximated by the Trapezoid Rule: 
Tn = Trapezoid rule approximation of the integral above with n intervals. 


Circle the one correct choice. 
2 2 
(a) Т, « / (9 22) ат for all n. (с) Т„ > f (9—27)dx forall n. 
1 1 


2 
(b) Ta = | (9—х?)ат — for all n. (d) None of the other options. 
1 


Continued... 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


For questions 5. —8. , consider the following techniques of integration: 


For each of the following integrals, indicate one of the above techniques to solve it. 


5 


6 


7 


8 


(A) Substitution u = f(x), where f(x) does not involve trigonometric or hyperbolic functions 


(В) Trigonometric or hyperbolic substitution x = g(u) 
(C) Integration by parts 


(D) Partial Fractions 


1 
(1 mark) lar“ 


pe 
(1 mark) | — dc 
e 


(1 mark) 85, dx 
е ) 


1 
(1 mark) | КОЕ, dx 


(1 mark) Let f(x) be a continuous function for x > 0 that satisfies 


f(x) > - for all x € (0, 1) and f(x) < 


S 


Circle the one option we can always guarantee to be true: 
29 со 
(а) f f(x) dx diverges (c) f f(x)dx diverges 

1 0 


(b) 17 Ка) ат converges (а) Г f(x) ат converges 


for all z € (1,00). 


Continued... 


PART II 


10. A mountain climber is climbing down a mountain with the shape (14 marks) 
AU 
у= f(x) юг0<хж</. h 


The climber is moving at the speed v(x) > 0. 


How much time does it take for the climber to go from 
(0,h) to (£, 0)? 


Your answer should be a general formula for any shape, y = f(a), and speed, v(x), and should include 


a justification for all your work. 


Continued... 


Use this page to continue your answer to question 10. 


Continued... 


11. Consider the object (known as Gabriel’s Horn) which is defined when (12 marks) 


1 
у = — is revolved around the z-axis for x > 1. 
x 


(a) (7 marks) What is the volume of liquid paint that would be needed to fill the interior of the 


horn? 


Continued... 


(b) (5 marks) Since you filled the horn with paint, you also coloured its inner surface. Show that 


you just painted an infinite surface area. 


Hint. Try comparing with a simpler integral. 


Continued... 


12. For a period of 10 seconds, the (horizontal) velocity v(t) of a damped pendulum (12 marks) 


is given by the following graph. 


v 


To model a function like this, we need to multiply two functions: 


where 


e f(t) models the oscillations. 


e g(t) models the amplitude, how the size of the oscillations is changing 


(a) (4 marks) Propose an oscillating function f(t), with the range [—1, 1], that would be a good 
fit for this graph. Justify your choice. 


Continued... 


(b) (4 marks) Propose a function g(t) that would be а good fit for this graph. Justify your choice. 


(c) (4 marks) Using the same model for v(t) found in (a) and (b), and 
assuming that the pendulum starts at the position z(0) = 0, what is 
the (horizontal) position of the end of the pendulum after 9.5 seconds? 


Justify your answer. 


Continued... 


Use this page to continue your answer to question 12. (с) 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


The end. 


MAT187 - Calculus II 


Term Test 1 — Group Part - February 6, 2018 


Time allotted: 30 minutes Aids permitted: None 
Total marks: 10 


Name UTorID email Qmail.utoronto.ca 


Instructions (READ CAREFULLY) 
• DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 
e Read all the instructions carefully. 


e This test contains 8 pages and a detached formula sheet. Make sure you have all of them. 


e You can use pages 6—7 for rough work or to complete a question (Mark clearly). 
DO NOT DETACH ANY PAGES. 


e No calculators, cellphones, or any other electronic gadgets are allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


GOOD LUCK! 


PART I. ANSWER THESE QUESTIONS ON PAGE 8. 


Only your answer on page 8 will be graded. 


1. 


1 
(2 marks) Consider the integrals / = / т? dx and h = 
0 


(4 marks) 


a? du. If we use Simpson’s Rule 


with n = 8 to approximate these two integrals we obtain errors |Е1| and |E | respectively. Then 


(A) |E] < [Es] 
(B) |£1] = |Е»| 
(С) [Ei] > |£2] 
“с 
(2 marks) The integral 1 CEE dx 
(A) ...converges for p < 1 
(B) ...converges for p < 0 
(С) ...converges for 0< p< 1 
(D) ...converges for p > 1 
(E) ...diverges for all values of p 


Continued... 


3. Consider a tumbleweed with mass of 5 kg rolling in the desert 
by the action of a strong wind. The wind was measured and it 


is represented in the graph below. 


The vertical axis represents the force of 


the wind blowing to the Eastern direction 


(negative means it’s blowing towards the 


West) in kg-km/h?, and the horizontal axis 


represents hours after midnight. 


(a) (2 marks) Find a formula for a function f(t) that approximately models the wind force. Justify 
your choices. 


Hint. Consider the graph of the function y = e“ as well as its horizontal asymptote. 


Continued... 


(b) (2 marks) Newton’s Second Law of motion states that Ё = т. a, where a is the acceleration 
of an object with mass m moving due to the action of a force Ё. 
Assuming that the tumbleweed was not moving initially, find an expression for the velocity v(t) 


of the tumbleweed. Justify your answer. 


Continued... 


(с) (2 marks) What is the maximum velocity of the tumbleweed in the Western direction? Justify 


your answer. 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


The end. 


MAT187 - Calculus II - Winter 2018 


Term Test 1 - February 6, 2018 


Time allotted: 60 minutes. Aids permitted: None. 
Total marks: 50 


Full Name: 


Last First 


Student Number: 


Email: Amail.utoronto.ca 


Instructions 


„ DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 


e Please have your student card ready for inspection 


e This test contains 12 pages and a detached formula sheet. Make sure you have all of them. 


DO NOT DETACH ANY PAGES. 


e You can use pages 10-11 to complete questions (mark clearly which questions you are answering). 


e Calculators, cellphones, or any other electronic gadgets are not allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


e DO NOT start the test until instructed to do so. 


GOOD LUCK! 


PART I. ANSWER THESE QUESTIONS ON PAGE 12. 
Only your answer on page 12 will be graded. 


For questions 1. — 6., consider the following methods of integration: 
(A) Substitution u = f(x), where f(x) does not involve trigonometric functions 
(B) Trigonometric substitution x = g(u) 
(C) Integration by parts 
(D) Partial fractions 
(E) Improper integral 


For each of the following integrals, indicate one of the above methods to solve it. 


1. (1 mark) [5 tan(z) dx 


3. (1 mark) T ze” dx 
0 


2 1 
4. (1 k ——— d 
( mark) | ае? 


5. (1 mark) 1А те" sin(z) dx 
0 


1—52 4 


| 
| 
| 
| 
| 
| 
| 
2. (1 mark) 1” a? /2 — 22 de 
| 
| 
| 
| 
| 
| 
| 


6. (1 mark) ТШ. ко 


(12 marks) 


Continued... 


b 
7. (2 marks) The definite integral f x f'(x) dx equals 


a 


(A) E : "m 


a а 


b 


(в) f Coe кә) 


а 


(с) leno] - / ү 
(D) f| tod- | года 


(E) none of the above 


8. (2 marks) A water tank is in the shape of a cylinder lying on its side. Its length is 5m and its radius 
is 2m. If the cylinder is cut by a horizontal plane 2: metres above the centre of the cylinder and then 
covered by a flat roof, what is the area of the roof? 


(A) 10У4- 22 m? 
(B) 10cos(x/2) m? 
(C) 10sin(z/2) m? 


(D) 10x m? 


(E) None of the above 


1 1 
9. (2 marks) Consider the integrals Л = / (32 + 29) de and Б = / (Ax? — 2x + 3) dz. If we use 


0 0 
Midpoint Rule with n = 8 to approximate these two integrals we obtain errors |E¡| and |Е2) 


respectively. Then 


(A) |E] < |E2| 
(В) |А. =|£2] 
(С) |E] > |El 


Continued... 


PART II 


10. Please read all parts of this question before answering part (a). (14 marks) 


(a) (3 marks) Give an example of a function f(x) that has vertical asymptotes at x = 1 and 
x = 4 and is continuous on the interval (1,4). Explain why your function satisfies the conditions 


required. 


You will need to do some calculations with this function on the next page, so choose your 


function carefully. 


Continued... 


(b) (6 marks) Find fro) dx . Justify your answer. 


4 
(c) (5 marks) Is | f(x)dx convergent or divergent ? Justify your answer. 
2 


Continued... 


11. The amount of heat H stored in a piece of material is given by (12 marks) 
H =cpVT, 


where c is a constant called the specific heat in J/(kg - K) that depends on the material, p is the 


mass density in kg/m?, V is the volume in m, and T is the temperature in К. 
——— жаны 
0 L 


Consider a bar of length L made of aluminum with constant density рд and specific heat c4, and 


varying radius r(x) and temperature T(x). 


What is the total heat stored in the bar in J? 


(you can continue your answer to 11. on the next page) Continued... 


Use this page to continue your answer to 11. 


Continued... 


12. Consider a tumbleweed with mass of 3 kg rolling in the desert (12 marks) 
by the action of a strong wind. The wind was measured and it 


is represented in the graph below. 


The vertical axis represents the force of 


the wind blowing to the Eastern direction 


(negative means it’s blowing towards the 


West) in kg-km/h?, and the horizontal axis 


represents hours after midnight. 


(a) (6 marks) Find a formula for a function f(t) that approximately models the wind force. Justify 
your choices. 


Hint. Consider the graph of the function y = е 7“ as well as its horizontal asymptote. 


Continued... 


(b) (6 marks) Newton’s Second Law of motion states that Ё = т. а, where a is the acceleration 
of an object with mass m moving due to the action of a force Ё. 
Assuming that the tumbleweed was not moving initially, find an expression for the velocity 


v(t) of the tumbleweed. Justify your answer. 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


Continued... 


MAT187 - Calculus II 


Term Test 1 — Group Part - February 5, 2019 


Time allotted: 30 minutes Aids permitted: None 
Total marks: 10 


Name UTorID email Qmail.utoronto.ca 


Instructions (READ CAREFULLY) 
• DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 
e Read all the instructions carefully. 


e This test contains 8 pages and a detached formula sheet. Make sure you have all of them. 


e You can use page 7 for rough work or to complete a question (Mark clearly). 
DO NOT DETACH ANY PAGES. 


e No calculators, cellphones, or any other electronic devices are allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


GOOD LUCK! 


MULTIPLE-CHOICE PART. (4 marks) 
ANSWER THESE QUESTIONS ON PAGE 8. 


Only your answer on page 8 will be graded. 


23 


1. (2 marks) Consider the integral / ( — z? — 3x — 19) dx. Choose the only correct ordering. 
-1 


23 
(A) Məs < / ( — 2° + 3x — 19) de < Мр. 
M 


23 
(В) Мо < Mm < y ( — a? + 3a — 19) da. 
—1 


23 
(C) Мәдә < / ( — 2° + 3x — 19) de < Түз. 
=з 


23 
(D) Tia < / (=x? +32 19) ал < Ma. 
—1 


23 
(Е) Mon < Ti < | ( — x? + 32 — 19) da. 


6 

2. (2 marks) To calculate the integral J sec(x) dx, we need to split the integral into several integrals. 
-1 

Select a correct way to split the integral. 


(A) f. sec(z) dx + 1. sec(x) dx 


(B) rà | ЖООП ji EST 


(C) | sec(x) dx + sec(z) dx + А sec(x) da 


т Зя 


2 2 


Зт 


6 


(D) f l ЖООП [ pt / вана [a see ds 


2 


Continued... 


LONG ANSWER PART 


3. It’s the 1960% and NASA is trying to find out how much work it will take (6 marks) 
to get a spaceship to escape the gravitational pull of Earth. This means that the spaceship should 
be able to keep going forever, getting further and further away from Earth. 


The formula for work is W = Ға, where F is the force acting on the object and d is the displacement. 


GMm 
The gravitational pull of Earth has magnitude -- 
r 
M is the mass of the Earth, m is the mass of the spaceship, and r is the distance from the centre of 


the Earth. You can denote the radius of the Earth as R. 


, where G is the universal gravitational constant, 


(a) (2 marks) Find an integral formula for the work it takes to bring a spaceship from the surface 


of the Earth to a distance h from the surface. 


Explain every step and define all your variables and constants. 


(You can continue your answer to (a) on the next page) Continued... 


Continued... 


(b) (1 mark) Find an integral formula for the work it takes for a spaceship starting from the surface 


of the Earth to go on forever getting further and further away from Earth. Justify your answer. 


Hint. You don’t need to solve the integral. 


(c) (1 mark) Is the amount of work from (b) finite or infinite? Justify your answer. 


Continued... 


(а) (2 marks) In reality, the mass of the spaceship also decreases, due to diminishing fuel. 


Assume that the mass of the spaceship is given by 


Да —br if br < За (burning fuel) 
т(г) = 
а if br = 3a (ran out of fuel) 


where a and b are positive constants. 


Is the amount of work it takes for a spaceship starting from the surface of the Earth to go on 


forever, getting further and further away from Earth, finite or infinite? Justify your answer. 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


The end. 


MAT187 - Calculus II - Winter 2019 


Term Test 1 - February 5, 2019 


Time allotted: 70 minutes. Aids permitted: None. 
Total marks: 50 


Instructions: 


e Do not write on the QR code at the top of the pages. 


e This test contains 12 pages and a detached booklet for multiple-choice questions and formula sheet. 


DO NOT DETACH ANY PAGES. 
e You can use pages 10-11 to complete questions (mark clearly which questions you are answering). 


e Calculators, cellphones, or any other electronic devices are not allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


e DO NOT START the test until instructed to do so. 


GOOD LUCK! 


LONG ANSWER PART 


7. Consider the integral (13 marks) 
ш. 
ji А віп (22) da. 
0 


This integral can’t be calculated using elementary functions, so we need to approximate it. 


(a) (5 marks) If you want to make sure your approximation is less than the actual integral (that it 
underestimates the integral), which method would you use to approximate this integral? Justify 


your answer. 


Hint. What is the sign of the derivative of the integrand? 


(b) (5 marks) Your boss doesn’t want to know about your reasoning for (a) and she decides that 


you must use the Right-hand rule. She also wants the error to be smaller than 100: How many 
intervals should you use? Justify your answer. 


Hint 1. There is only one solution of 222 tan(2?) = 1 in [0, z], whose values you can assume are 
zı = 0.8 and сов(22) = 0.8. 

OR 

Hint 2. Note that үт < 1.3. 


(с) (3 marks) Consider a function f(x) which is continuous in the interval [0, 4] satisfying f(0) = 
4 
f (4) +8 and consider the integral n f (x) ат. 
0 


Calculate L198 — R128. 


8. It’s the 1960’s and NASA is trying to find out how much work it will take (13 marks) 
to get a spaceship to escape the gravitational pull of Earth. This means that the spaceship should 
be able to keep going forever, getting further and further away from Earth. 


The formula for work is W = Ға, where F is the force acting on the object and d is the displacement. 


GM 
The gravitational pull of Earth has magnitude a 
r 
M is the mass of the Earth, m is the mass of the spaceship, and r is the distance from the centre of 


the Earth. You can denote the radius of the Earth as R. 


, where G is the universal gravitational constant, 


(a) (8 marks) Find an integral formula for the work it takes to bring a spaceship from the surface 


of the Earth to a distance h from the surface. 


Explain every step and define all your variables and constants. 


(You can continue your answer to (a) on the next page) 


(b) (1 mark) Find an integral formula for the work it takes for a spaceship starting from the surface 


of the Earth to go on forever, getting further and further away from Earth. Justify your answer. 


(c) (4 marks) Is the amount of work you found in (b) finite or infinite? Justify your answer. 


9. Consider two functions f(t) and g(t) that satisfy the properties: (12 marks) 
(Pi) f?2()+9?() =1_ for allt; 
(P) f(t) = g(t) for all t; 
for all t = 0. 
We want to study the integral / V1— 22 dz. 
(а) (4 marks) As a first step, use the substitution x = f(t) to show that 
n 1 — z? dz = [eo dt. 


Hint. Use properties (Р) and (P2). 


(b) (4 marks) Now, integrate by parts to calculate the integral / v1- 22 dz. 


(с) (4 marks) This question is independent of the others. 
Find a function g(t) that satisfies property (Рз). Ignore the properties (Pi) and (P2). 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


MAT187 Calculus II — Winter 2020 


Term Test 1 - Group Part — February 11, 2020 


Time alotted: 30 minutes 


Name Email 


@mail.utoronto.ca 


@mail.utoronto.ca 


@mail.utoronto.ca 


@mail.utoronto.ca 


@mail.utoronto.ca 


DO NOT OPEN 


until instructed to do so 


DO NOT DETACH ANY PAGES 
NO CALCULATORS ALLOWED 


and no cellphones or other electronic devices 
This test contains 8 pages. 


You can use pages 6—7 to complete questions (mark clearly which questions you are answering) 


Question Q1 Q2 Q3 Q4 Q5 Total 
Points 1 1 1 1 6 10 


Good luck! You can do this! 


MULTIPLE-CHOICE PART. 


Provide answers on the bubble sheet. Nothing on this page will be considered for marking. 
1. (1 mark) Consider the following ODE. You cannot solve it with techniques from this class. 
1 14 
y = 5 (sin у)? + 26” Y 


Without solving it, decide which of the following is a plot of a solution to this ODE. 


у | у 7 у y 
t t t t 
(A) (B) (C) (D) 


For each of the following questions (2., 3., 4.), you can pick one property: 
(A) f(x) is a linear function. 
(B) f(x) can be written as f(x) = x? + bx +c. 
(С) f(x) is differentiable and concave down on [a, b]. 
(D) f(x) is differentiable with f'(x) > 1 on [a, b]. 
(E) f(x) is differentiable with f"(x) < 1 on [a,b]. 


b 
In all cases below, you are trying to approximate / f(x) ах 
а 


Pick ONLY the option for which you can guarantee with absolute certainty that the statement is true. 


2. (1 mark) Pick the one property above that will guarantee that the following statement is true: 


The trapezoidal rule always underestimates the integral. 


3. (1 mark) Pick the one property above that will guarantee that the following statement is true: 


The midpoint rule always approximates the integral perfectly with zero error. 


4. (1 mark) Pick the one property above that will guarantee that the following statement is true: 


The right endpoint rule always overestimates the integral. 


MAT187 Calculus II - Winter 2020 – Term Test 1 – Group Part page 2 of 8 


Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


5. A basin in a sewage treatment plant is filled with soiled water. (6 marks) 


The basin needs to be cleaned. To do so, all 
the water must be pumped out of the basin y 
and to a filter. 


The sketch shows a side view of the basin. y 


is measured in metres from the bottom of the 5 
basin. The surface of the water is initially at 
y = 5 т. The filter is 6m above the ground. 
The horizontal cross-sections of the basin 
are circles. The radius of the circular cross- 
0 


section at height y metres is given by some 
function r(y) in metres. 


The density of the soiled water varies with height due to the different substances in it. 
The density is given by some function p(y) in kg/m?. 
You may approximate the acceleration due to gravity by g = 10m/s?. 


Explain what you are doing; don’t just write formulas. 
You are encouraged to add additional information to the figure to aid your explanations. 


(a) (3 marks) Find an approximation for the total work necessary to pump all water to the height 
of the filter. Afterwards, deduce an integral formula for the exact value. 


Do NOT appeal to your solution in the individual part. Show all intermediate steps instead. 


Continue on next page... 


MAT187 Calculus П- Winter 2020 – Term Test 1 – Group Part page 3 of 8 


Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


Continue part (a) here... 


Approximation: 
total work ~ 


Exact value: 
total work = 


МАТ187 Calculus II - Winter 2020 – Term Test 1 – Group Part page 4 of 8 


Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


(b) (3 marks) For this part only you can assume that the density is constant and given by 


p(y) = 1000 (in kg/m?) and that r(y) = 6 — 4/25 — y? (in т). 


Compute the total work necessary in this case. Explain your steps. 


total work = 


MAT187 Calculus II - Winter 2020 – Term Test 1 – Group Part page 5 of 8 


This page is for rough work 


Nothing on this page will be marked unless you indicate on the page of the relevant question that your 
work continues here. 


DO NOT TEAR OFF ANY PAGES 


MAT187 Calculus II - Winter 2020 – Term Test 1 – Group Part page 6 of 8 


This page is for rough work 


Nothing on this page will be marked unless you indicate on the page of the relevant question that your 
work continues here. 


DO NOT TEAR OFF ANY PAGES 


MAT187 Calculus II - Winter 2020 – Term Test 1 – Group Part page 7 of 8 


MAT187 Calculus II — Winter 2020 


Term Test 1 — Individual Part — February 11, 2020 


Time alotted: 70 minutes (to be followed by group part) 


DO NOT OPEN NO CALCULATORS ALLOWED 


until instructed to do so and no cellphones or other electronic devices 


DO NOT DETACH ANY PAGES 


This test contains 12 pages and a separate booklet for multiple choice questions with a formula sheet. 


You can use pages 9—11 to complete questions. In such a case, MARK CLEARLY that your answer 
“continues on page X” AND indicate on the additional page which questions you are answering. 


Question Q1-9 Q10 Q11 Q12 Q13 Total 


Points 15 6 6 12 12 51 


Good luck! You can do this! 


Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


10. Your supervisor wants you to numerically approximate the following definite integral. (6 marks) 


. 3sin(x) 


8 
EE where f(x)= RE 


(a) (2 marks) This is a graph of f'(x). 


Find a reasonable estimate for max | f’(x)|. 
2<x<8 


To get credit you must explain your reasoning. 


max |f'(x)| = 


2<х<8 


(b) (4 marks) Find a reasonable number n so that using the right-endpoint approximation with 
n intervals results in an estimate with error less than 0.01. 
Explain how you know that your choice is adequate. 


MAT187 Calculus II - Winter 2020 — Term Test 1 — Answer Booklet page 2 of 12 


Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


11. Consider the following integral (6 marks) 


10 
f 10- X ¿cos(x) dx 
0 vx 


Is this integral convergent or divergent? 


This integral is | 


Justify and explain your decision. 


MAT187 Calculus II - Winter 2020 – Term Test 1 - Answer Booklet page 3 of 12 


Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


12. A basin in a sewage treatment plant is filled with soiled water. (12 marks) 


The basin needs to be cleaned. To do so, all 
the water must be pumped out of the basin y 
and to a filter. 


The sketch shows a side view of the basin. y 


is measured in metres from the bottom of the 5 
basin. The surface of the water is initially at 
y = 5 т. The filter is 6m above the ground. 
The horizontal cross-sections of the basin 
are circles. The radius of the circular cross- 
0 


section at height y metres is given by some 
function r(y) in metres. 


The density of the soiled water varies with height due to the different substances in it. 
The density is given by some function p(y) in kg/m?. 
You may approximate the acceleration due to gravity by g = 10 m/s”. 


Explain what you are doing; don’t just write formulas. 
You are encouraged to add additional information to the figure to aid your explanations. 
You are also encouraged to read through all three parts of this question before starting part (a). 


(a) (4 marks) Write an expression that approximates the mass of water in a small “slice” of the 
basin. Your expression should not involve any integrals. Explain your expression. 


mass ~ 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


(b) (4 marks) Write an expression that approximates the work to be done in pumping a small 
“slice” of water to the height of the filter. Your expression should not involve any integrals. 
Explain your expression. 


(c) (4 marks) Using your previous results, find an approximation for the total work necessary to 
pump all water to the height of the filter. Afterwards, deduce an integral formula for the exact 
value. Explain all intermediate steps. 


Approximation: 
total work ~ 


Exact value: 
total work = 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


13. There is about to be a zombie! outbreak in a remote village in Northern Ontario. (12 marks) 
There are 1,000 individuals in the village. Every individual is either a zombie or a human. 
Let Z(t) be the number of zombies. The time f is measured in days. 


Note that the number of humans is given as 1000 — Z(t). 


(a) (4 marks) At the beginning of the outbreak, there is one zombie. 


Every time a zombie bites a human, they turn into a zombie. The more zombies there are, 
the more bites can happen. At the same time, the more humans there are, the more bites can 
happen. This means the number of zombies increases at a rate proportional to the product of 
the number of zombies and the number of humans. 


1 
Write an initial value problem for the function Z(t), using a = 100 25 the proportionality 
constant for the effect described above. 


Then solve the initial value problem. 


Continue on next page... 


If you don't know what zombies are, think of “zombie”="monster”. 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


Continue part (a) here... 


(b) (1 mark) Given the situation described above, what happens as t — оо and the zombies 
continue with their biting? Explain briefly. 


(c 


=> 


(2 marks) At some point, there is only one human left. As it turns out, she is a magic healer. 
Her name is Zora and she has had enough of this and casts healing spells, turning zombies 
back into humans. 

Denote by t = 0 the time when Zora is the only human and starts her revenge. Zora turns 
zombies back into humans at a constant rate of 50% per day. The news are spreading among 
the zombies. As time goes on, more and more zombies run away and out of town. 

The number of zombies in the village over time can be modelled by the following initial value 
problem. 


Z(t) = ИШ: -t Z(0) = Zz <— Fill in the two blanks. 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


(d) (4 marks) Solve the initial value problem in part (c). 


(е) (1 mark) Explain іп one sentence why it is clear from the solution that you found that at some 


time there will be no more zombies. 
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This page is for rough work 


Nothing on this page will be marked unless you indicate on the page of the relevant question that your 
work continues here. 


DO NOT TEAR OFF ANY PAGES 
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This page is for rough work 


Nothing on this page will be marked unless you indicate on the page of the relevant question that your 
work continues here. 


DO NOT TEAR OFF ANY PAGES 
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This page is for rough work 


Nothing on this page will be marked unless you indicate on the page of the relevant question that your 
work continues here. 


DO NOT TEAR OFF ANY PAGES 
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МАТ187 Calculus Il - Winter 2021 


Test 1- Jan 27, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS JAN 27, 23:99 


Do not cut it close. You don’t want to exhaust your Grace Budget in Test 1 already. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Jan 28. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1-3 Q4 Q5 Q6 Q7 Total 


Points 10 8 4 4 8 34 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn't really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you've 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the І know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn't receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn't provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. І only used “OK” aids. 
... Lam aware that not disclosing another student's misconduct despite my knowledge is | know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn't cheat...”). 


Your student number Your signature 
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1. (2 marks) When setting up the PFD for the rational function below, before solving 
for the coefficients, how many such coefficents (A, В, C,...) do you need? Write a ME 
number in the box, no justification needed. Do NOT solve for the coefficients. 
4x 
(x? - 4 (x? + 1)? 


2 
2. (4 marks) You are given that T xf" (2x) dx = 8 and a table of values of f. 
1 


x 


f(x) 


|1/21/3|41|5| 6 
| -4 | 10 | 6 | -2 |8 | -12 


|9 
|? 


2 
Find | f (2x) dx. Justify your answer. Make sure to put your final answer in the box. 
1 


[ fe» dx | | 


3. (4 marks) The following integral was solved using the trigonometric substitution x + 2 = 3tan б. 


у dx= | 40 = 0 + соѕ0 + С = +С 


қышы 222 ара ОИНАЕ II) 
write a function in terms of х here 


Write a function in terms of x in the gap on the right. Then justify your choice below. 
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4. For each of the following two integrals, explain what methods you would use to solve it. “Techniques” 
refers to all the different kinds of manipulations, strategies, and techniques you learned during this year. 


USE WORDS ON THIS PAGE, IN PARTICULAR VOCABULARY FROM CLASS! 


Do not write down the actual work of solving the integrals. That would be a waste of time since no marks 


will be given for it. It’s all about naming the major steps. 


: 5x? + 13x^ +2 4 
(а) (4 marks) (x? " V(x - m x 


First, | would use 
name/specify manipulation/strategy/technique here 


І would do so because 


Write words, not just formulas! 


At some point, | would also need 
name/specify manipulation/strategy/technique here 


І need it because 


Write words, not just formulas! 


At some point, | would also need 
name/specify manipulation/strategy/technique here 


І need it because 


Write words, not just formulas! 


(b) (4 marks) | (e*e + V1 + e?*)e* dx 


First, | would use 


name/specify manipulation/strategy/technique here 


1 would do so because 


Write words, not just formulas! 


At some point, | would also need 


name/specify manipulation/strategy/technique here 


І need it because 


Write words, not just formulas! 


At some point, | would also need 


name/specify manipulation/strategy/technique here 


І need it because 


Write words, not just formulas! 


MAT187 — Winter 2021 - Test 1 page 4 of 6 


5. (4 marks) Find this integral. Include enough steps to show your reasoning within the space available. 
1 
БЕР 


1 
—————— dx 
/, х? ү4х2 - 1 


Put ап exact answer here, пої а decimal! 
efi 
V2 1 
dx = 
-1 х2Ү4х2-1 


6. (4 marks) Consider he f(x) dx. Draw the plot of a continuous function f(x) such that the trapezoid 
approximation Т; overestimates this integral but the trapezoid approximation Т, underestimates the 


same integral.Write your explanation in the space next to the graph. You are not asked to find an equation 


for f(x), a graph is enough. 
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7. (а) (4 marks) Consider а car which is traveling in a straight line in the positive direction. The car’s 
velocity is given by v(t). Your colleague is providing you with some facts, based on measurements: 
e For 0 < t < 5, the car is slowing down. 
e For 5 < t < 10, the car is speeding up. 
• The acceleration is increasing for 0 < t < 10. 


You want to use numerical integration to estimate the total displacement that the car experiences 
for 0 < t < 10. For each of the following techniques, make one choice and explain briefly. 


Method Justify 
The Left-Point Rule Lp... 

O ...overestimates. 

O ..underestimates. 


O We can't tell. 


The Trapezoid Rule Т,... 
O ...overestimates. 
O ..underestimates. 


O We can't tell. 


(b) (4 marks) A rock is dropped from the top of a building. It’s falling downwards (i.e. in the negative 
direction) for 0 < t < 10. The rock's velocity is given by v(t). Assume that gravity is the only force 
acting on the rock (no air resistance, etc.). You want to use numerical integration to estimate the 
total displacement that the rock experiences for 0 < t < 10. For each of the following techniques, 
make one choice and explain briefly. 


Method Justify 
The Right-Point Rule R,... 
O ...overestimates. 


O ...underestimates. 


O We can't tell. 


Тһе Mid-Point Rule М,... 
O ...overestimates. 
O ...underestimates. 


O We can't tell. 
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МАТ187 Calculus Il - Winter 2021 


Test 2 — Feb 10, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS FEB 10, 23:99 


Do not cut it close. Any lateness will affect your Grace Budget or might lead to a lateness penalty. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Feb 11. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1-3 Q4 Q5 Q6 Q7 Total 
Points 10 10 4 4 8 36 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn't really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you've 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the І know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn't receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn't provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. І only used “OK” aids. 
... Lam aware that not disclosing another student's misconduct despite my knowledge is | know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn't cheat...”). 


Your student number Your signature 
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1. (2 marks) What is the value of the following limit? 


Write the final answer as a number in the box. No justification is necessary. | | 
n :2 
i 1 
lim 1-— |- 
n—0o » ( n? ) n 


For all further questions below, having the correct result alone will not be worth any points. 


2. (4 marks) Does the following integral converge or diverge? If yes, find the exact value. If no, explain why 
it doesn't converge. Justify. Note that a » 0 is a constant. 


oo 
І axe ™ dx 
5 


Write either “divergent” or the value of the integral in this box: 


3. (4 marks) You are asked to decide if your company’s newest project is profitable. Profitable means that 
the annual net income is positive. You are given the following facts: 
(i) The annual net income is given in Canadian dollars by p(t) dt. 
0 
(ii) This integral was estimated with the Left-Hand-Rule using 4800 intervals. The result was 500. 
(iii) -34 < p’(t) < 20 at all times. 


Based on this information, can you guarantee that the project is profitable? Explain. 


You can use a calculator for basic arithmetic (adding, subtracting, dividing, multiplying, square root). 
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6 
4. For this question, consider the integral I f(x)dx of the function plotted on the right. 
0 
For all parts of this question, you can use a calculator for basic arithmetic (adding, subtracting, dividing, multiplying, square root). 
(a) (2 marks) Compute the Trapezoid approximation T; of 


the integral stated above. 


In this part, one decimal accuracy is fine when reading the graph. 


J 


(b) (4 marks) Find a bound for the error when approximating 
the integral with the Left-Hand Rule with 100 intervals. 
Justify. 


(с) (4 marks) If you would like to approximate this integral with the Mid-Point rule, how many intervals 


can be chosen to guarantee that the error is smaller than 157 Justify. 


um 
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5. (4 marks) Does dx converge or diverge? Justify. 


ener, 
0 х7 4 x? 


Conclusion: The integral... O ...converges. 


6. (4 marks) You are given the following facts about a function f(x). 


(i) f(x) is defined and continuous everywhere, except at x - 0. 
(ii) The value of f(x) is always positive. 
(iii) f(x) < Ja for х < 0. 


(iv) f(x) > > for0<x < 2. 
(v) f(x) « > for 7 < x. 


Make a choice: / f(x) dx... O ...converges. O ...diverges. 
-3 


Now justify your choice. 


O ...diverges. 


O ...we can't tell. 
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7. A fisher is standing at the lakeshore. 


Her fishing net is 5 metres long. о 


The density of fish in the lake is given in kilograms рег 
square metre by the continuous function g(r), where r 
is the distance in metres from the point where the fisher 
is standing. © 


You are asked to estimate М, which is the amount ше Fisher 


of fish (in kilograms) that the fisher can reach. Top view 


(a) (7 marks) Write a right-endpoint Riemann Sum approximating M. Explain any approximations and 
assumptions you make. Justify. Do NOT use integrals or differentials in this part. 


Riemann Sum: M ~ 


(b) (1 marks) Based on your answer in the previous part, write an integral giving the exact value of M. 


Integral: M = 
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МАТ187 Calculus Il - Winter 2021 


Test 3 — Mar 3, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS MAR 3, 23:99 


Do not cut it close. Any lateness will affect your Grace Budget or might lead to a lateness penalty. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Mar 4. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1 Q2 Q3 Q4 Q5 Total 
Points 2 4 10 8 8 32 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn't really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you've 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the І know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn't receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn't provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. І only used “OK” aids. 
... Lam aware that not disclosing another student's misconduct despite my knowledge is | know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn't cheat...”). 


Your student number Your signature 
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1. (2 marks) Write a constant in the box such that for ALL solutions that aren’t constant, we have 
|y(t)| — +00 for t— +оо 


No justification is necessary. Only the number in the box will be marked. 


For all further questions below this line, having the correct result alone will not be worth any points. 


Throughout the ENTIRE test you can use the results of a calculator for: 
addition, subtraction, multiplication, division, ех, In x, sin x, cos x, square root. 
But remember that we are expecting answers that are as precise as possible. 


2. (4 marks) Explain why the following statement is true: 


If the constant-coefficient ODE ay” + by’ + cy = 0 has ONE solution 
that is periodic and not constant, then ALL solutions are periodic. 


We put the text for question 3 on this page so you have more space to answer it on the next one. 


Do NOT write anything about question 3 on this page. 


3. The Magenta Party is campaigning in the election for the House of Commons of Canada. 


The election is in 20 days. Assume for the purpose of this question that a party wins the election if and 
only if it has more than 50% of support among eligible voters on election day] Assume that there are 
25,000,000 eligible voters in Canada. 


Suppose M(t) is the fraction of eligible voters supporting the Magenta Party (note that 0 < M(t) < 1) with 
t measured in days from today. Every day, the Magenta Party gains supporters at a rate of 3% of the total 
voter population. But the Magenta Party also loses 5% of their supporters every day. 


"This is a simplification since Canada actually has a first-past-the-post system in every riding, and there are more than two parties, 
and not every eligible voter does vote, and some people make mistakes on the ballot, etc. 
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See previous page for question text! 


(a) (5 marks) Write an ODE governing M(t) in the box: | | 


First explain the ODE. Then find the general solution. 


M(t) = 


(b) (5 marks) What is the minimum number of supporters that the Magenta Party must have today so 
that they will win the election? Make sure to give an integer as an answer. Explain. 


Minimum number of supporters necessary today - 
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4. (8 marks) You are working in a CaLcuCoLa factory. Your job is to fill a tank with a sugar-water solution. 
The sugar concentration of CALCUCOLA is supposed to be a healthy 100g/L. 


The tank has a capacity of 8,500 litres. Currently, there are 7,000 litres of pure water in the tank. 


You are now adding concentrated sugar-water (300g/L) through a pipe at a rate of 100L/min. At the same 
time, you are draining the tank at a rate of 50L/min. Assume instantaneous mixing inside the tank. 


Will you reach the correct sugar concentration before the tank is full? Explain. 


Conclusion (pick): O YES, we will reach the correct sugar concentration before the tank is full. 


O NO, we won't reach the correct sugar concentration before the tank is full. 
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5. For both parts of this question, consider the ODE y’ = f(y). The plot is given оп the right. 


(a) (3 marks) Consider the ODE y’ = f(y) fly) 
where f(y) is the function plotted on the right. 


If y(t) is a solution of this ODE such that 
y(0) = 2.8, determine jim y(t). 


Write the limit in the box. 


Now explain your choice. 


(b) (5 marks) Consider again the ODE y’ = f(y), using the same plot as above. If y(t) is a solution to 
this ODE with y(3) = 0.5, is y concave up or concave down at the point (3, 0.5)? Explain. 


Conclusion (pick): O y is concave UP at (3, 0.5) O y is concave DOWN at (3, 0.5) 
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